Abstract. Generalising work of Calaque-Enriquez-Etingof [6], we construct a universal KZB connection ∇ ell for any finite (reduced, crystallographic) root system Φ. ∇ ell is a flat connection on the regular locus of the elliptic configuration space associated to Φ, with values in a graded Lie algebra t Φ ell with a presentation with relations in degrees 2, 3 and 4 which we determine explicitly. The connection ∇ ell also extends to a flat connection over the moduli space of pointed elliptic curves. We prove that its monodromy induces an isomorphism between the Malcev Lie algebra of the elliptic pure braid group P 
The Knizhnik-Zamolodchikov-Bernard (KZB) connection was constructed by Felder-Wieczerkowski in [15] . It is a flat connection on the vector bundle of WZW conformal blocks on the moduli space M 1,n of elliptic curves with n marked points. Calaque-Enriquez-Etingof later constructed a universal KZB connection on M 1,n [6] , which has coefficients in an arbitrary vector bundle. The main goal of the current paper is to generalise the construction of Calaque-Enriquez-Etingof to the elliptic configuration space associated to an arbitrary root system. 1.1. The universal KZB connection.
1.1.1. Let E be a Euclidean vector space, and Φ ⊂ E * a finite, reduced, crystallographic root system. Let Q ⊂ E * , Q ∨ ⊂ E be the root and coroot lattices, and P ⊂ E * , P ∨ ⊂ E the corresponding weight and coweight lattices dual to Q ∨ and Q respectively. Denote the complexification of E by h.
Let τ be a point in the upper half plane H = {z ∈ C | Im(z) > 0}, and set Λ τ := Z + Zτ ⊂ C. Consider the elliptic curve E τ := C/Λ τ with modular parameter τ. Let T := h/(P ∨ + τP ∨ ) Hom Z (Q, E τ ), which is non-canonically isomorphic to E n τ , where n = rank(P ∨ ). Any root α ∈ Φ induces a map χ α : T → E τ , with kernel T α . We refer to T reg = T \ α∈Φ T α , as the elliptic configuration space associated to Φ. If E = R n with standard coordinates {ǫ i }, and Φ = {ǫ i − ǫ j } 1≤i j≤n ⊂ E * is the root system of type A n−1 , T reg is the configuration space of n ordered points on the elliptic curve E τ .
1.1.2. Let θ(z|τ) be the Jacobi theta function, which is a holomorphic function C × H → C, whose zero set is {z | θ(z|τ) = 0} = Λ τ , and such that its residue at z = 0 is 1. (See Section §2.2). Let x be another complex variable, and set k(z, x|τ) := θ(z + x|τ) θ(z|τ)θ(x|τ)
The function k(z, x|τ) has only simple poles at z ∈ Λ τ , and k(z, x|τ) is holomorphic in x. In other words, k(z, x|τ) belongs to Hol(C − Λ τ ) [[x] ].
Let
A be an algebra endowed with the following data: a set of elements {t α } α∈Φ , such that t −α = t α , and two linear maps x : h → A, y : h → A. We define an A-valued connection on T reg . It takes the following form.
where Φ + ⊂ Φ is a chosen system of positive roots, {u i }, and {u i } are dual basis of h * and h respectively. 1 When Φ is the root system of type A n , the connection above coincides with the universal KZB connection introduced by Calaque-Enriquez-Etingof. (4) For any α ∈ Φ and u ∈ h such that α(u) = 0,
If, moreover, the Weyl group W of Φ acts on A, then ∇ KZB,τ is W-equivariant if and only (5) For any w ∈ W, α ∈ Φ, and u, v ∈ h,
w(t γ ) = t w γ , w(x(u)) = x(w u), and w(y(v)) = y(w v)
Define t Φ ell to be the Lie algebra generated by a set of elements {t α } α∈Φ , such that t α = t −α , and two linear maps x : h → t Φ ell , y : h → t Φ ell , satisfying the relations in Theorem A. The Weyl group W acts on t Φ ell according to relation (5) in Theorem A. 1 We assume further that A is endowed with a topology such that the expressions k(α, ad(
)|τ)(t α ) converge. For example, A could be complete with respect to a grading for which the elements x α have positive degree.
The Malcev Lie algebra of P Φ
ell . Let P Φ ell = π 1 (T reg , x 0 ) be the fundamental group of T reg . We refer to P Φ ell as the elliptic pure braid group corresponding to Φ. The flatness of the universal KZB connection ∇ KZB,τ gives rise to the monodromy map µ : P Φ ell → exp( t Φ ell ), where t Φ ell is the (pro-nilpotent) completion of t Φ ell with respect to the grading given by deg(x(u)) = 1 = deg(y(u)), and deg(t α ) = 2, and exp( t Φ ell ) is the corresponding pro-unipotent group. Let J ⊆ CP Φ ell be the augmentation ideal of the group ring CP Φ ell , and CP Φ ell the completion of CP Φ ell with respect to J. Let U(t Φ ell ) be the universal enveloping algebra of t Φ ell , and U(t Φ ell ) its completion with respect to the grading on t Φ ell . The monodromy map µ extends to the completions Theorem B (Theorem 5.2).
(1) The monodromy map extends to an isomorphism of Hopf algebras µ : CP Φ ell → U(t Φ ell ). ( 2) The restriction of µ to primitive elements is an isomorphism of the Malcev Lie algebra of P Φ ell to the graded completion of t Φ ell . Let Γ be an abstract group. Recall the Malcev Lie algebra m Γ of Γ is the subspace of primitive elements in the completion of CΓ with respect to its augmentation ideal. By definition, Γ is 1-formal if m Γ is isomorphic, as a filtered Lie algebra, to the graded completion of a quadratically presented Lie algebra (see, e.g. [9] ).
Let g ≥ 1, and Γ g,n be the fundamental group of the configuration space of n ordered points on an oriented surface of genus g. Using the theory of minimal models, Bezrukavnikov gave an explicit presentation of the Malcev Lie algebra of Γ g,n , and proved in particular that Γ g,n is 1-formal if and only if g > 1 or g = 1 and n ≤ 2 [3] . Calaque-Enriquez-Etingof rederived Bezrukavnikov's result in the case of genus g = 1 by using Chen's iterated integrals associated to the universal KZB connection which they introduced [6] . A similar construction for surfaces of higher genus was carried by Enriquez [10] . A Tannakian interpretation of the construction of Calaque-Enriquez-Etingof was recently given by Enriquez-Etingof [11] .
The proof of Theorem B is modelled on the approach of [6, 10] .
Theorem C (Theorem 5.15). The Lie algebra t Φ ell is not quadratic. In particular, the pure elliptic braid group P Φ ell is not 1-formal. 1.3. Extension to the moduli space. Let M 1,n be the moduli space of pointed elliptic curves associated to a root system Φ. More explicitly, let H ∋ τ be the upper half plane. The semidirect product (P ∨ ⊕ P ∨ ) ⋊ SL 2 (Z) acts on h × H. For (n, m) ∈ (P ∨ ⊕ P ∨ ) and (z, τ) ∈ h × H, the action is given by translation: (n, m) * (z, τ) := (z + n + τm, τ). Let G n := exp( t Φ ell ⋊ d + ) ⋊ SL 2 (C) be the semiproduct of exp( t Φ ell ⋊ d + ) and SL 2 (C), where the former is the completion of t Φ ell ⋊ d + with respect to the grading above. Following [6] , in Proposition 7.3, we construct a principal bundle P n on M 1,n with structure group G n , which is unique under certain conditions. 1.3.2. We extend the connection ∇ KZB,τ to a connection ∇ KZB on the principal bundle P n . We now describe the extension ∇ KZB .
Let g(z, x|τ) := k x (z, x|τ) be the derivative of function k(z, x|τ) with respect to variable x. Set a 2n := − (2n+1)B 2n+2 (2iπ) 2n+2 (2n+2)!
, where B n is the Bernoulli numbers and let E 2n+2 (τ) be the Eisenstein series. Consider the following function on h × H ∆ := ∆(α, τ) = − 1 2πi
This is a meromorphic function on h × H valued in (t Φ ell ⋊ d + ) ⋊ n + ⊂ Lie(G n ), (where n + = C∆ 0 ⊂ sl 2 ). It has only poles along the hyperplanes α∈Φ + ,τ∈H H α,τ .
Theorem D (Theorem 8.1). The following t Φ
ell ⋊ d-valued KZB connection on M 1,n is flat. ∇ KZB = ∇ KZB,τ − ∆dτ
y(u i )du i .
Trigonometric degeneration.
1.4.1. Let H = h/P ∨ Hom Z (Q, C × ) be the complex algebraic torus with Lie algebra h and coordinate ring given by the group algebra CQ. We denote the function corresponding to λ ∈ Q by e 2πιλ , and set H reg = H \ α∈Φ {e 2πια = 1}. The first named author introduced a universal trigonometric connection ∇ trig on H, with logarithmic singularities on H \ H reg [22] . The connection is flat, W-equivariant, and takes values in a Lie algebra t Φ trig which is described as follows. Let A be an algebra endowed with a set of elements {t α } α∈Φ such that t −α = t α , and a linear map X : h → A. The trigonometric connection ∇ trig is the A-valued connection on H reg given by
where Φ + ⊂ Φ is a chosen system of positive roots, {u i } and {u i } are dual bases of h * and h respectively, and the summation over i is implicit. The connection ∇ trig is flat if, and only if the following relations hold [22] (1) For any rank 2 root subsystem Ψ ⊂ Φ, and α ∈ Ψ, [t α , β∈Ψ
For any α ∈ Φ + , w ∈ W such that w −1 α is a simple root and u ∈ h, such that
By definition, the Lie algebra t Φ trig is the Lie algebra presented by the above relations.
1.4.2. The connection ∇ KZB,τ degenerates to a trigonometric connection as the imaginary part of the modular parameter τ tends to ∞.
Theorem E (Proposition 4.3). As Im τ → +∞, the connection ∇ KZB,τ degenerates to the following connection ∇ deg on H reg
e 2πi ad(
By universality of t Φ trig , the above degeneration gives rise to a map t Φ trig → t Φ ell given by
1.5. Rational Cherednik algebras and elliptic Dunkl operators. For the last part of this paper, we study one concrete incarnation of our KZB connection ∇ KZB , which is obtained by mapping t Φ ell ⋊ d to the rational Cherednik algebra of the Weyl group W. In special cases, this specialisation coincides with the elliptic Dunkl operators.
1.5.1. Let H ,c be the rational Cherednik algebra of W introduced in [12] . H ,c is generated by the group algebra CW, together with a copy of S h and S h * , and depends on two sets of parameters (see [12] , or Section 9.1 for the defining relations). Specifically, let S ⊂ W be the set of reflections, K the vector space of Winvariant functions S → C, and K = K ⊕ C. H ,c is an algebra over C [ K] which is N-graded, provided the standard linear functions {c s } s∈S /W and on K and C are given degree 2.
Theorem F (Prop. 9.3). For any a, b ∈ C, there is a Lie algebra homomorphism t Φ ell → H ,c , defined as follows
for u, v ∈ h and γ ∈ Φ + , where π : h → h * is the isomorphism induced by the non-degenerate bilinear form (·|·) on h, s γ is the reflection corresponding to the root γ, and h ∨ is the dual Coxeter number of Φ.
Set a = b = 1 for definiteness. Theorem F implies the following Theorem G (Theorem 9.5). The universal KZB connection ∇ KZB,τ specializes to the following elliptic KZ connection valued in the rational Cherednik algebra
The elliptic connection ∇ H ,c ,τ is flat and W-equivariant.
Similar results are obtained in Section 9 for the extension of ∇ KZB,τ to the moduli space M 1,n by extending the homomorphism t Φ ell → H ,c to the semidirect product t Φ ell ⋊ d. 1.5.2. Let B ell be the elliptic braid group, that is the orbifold fundamental group B ell = π orb 1 (T reg /W), and H g the double affine Hecke algebra defined by Cherednik in [7, Definition 2.5] . By definition, H g is the quotient of the group algebra of B ell by the additional relations
where S i is the element of π orb 1 (T reg /W) homotopic to a small loop around the divisor corresponding to the root α i . See [7, Definition 2.1] for the explicit presentation of H g .
The connection ∇ H ,c ,τ is flat and W-equivariant. Its monodromy yields a homomorphism of H g onto the graded completion of H ,c which becomes an isomorphism after H g is also completed.
1.5.3.
Relation with the affine Hecke algebra. We produce an algebra homomorphism from the degenerate affine Hecke algebra to the completion of the rational Cherednik algebra using the degeneration of Theorem E.
Cherednik in [8] constructed the affine KZ connection. It is a flat and W-equivariant connection on H reg valued in the degenerate affine Hecke algebra H ′ . The degenerate affine Hecke algebra H ′ is the associative algebra generated by CW and the symmetric algebra S h. Let {s α , x(u) | s α ∈ W, u ∈ h} be the generators of H ′ . The affine KZ connection can be obtained by specializing the universal trigonometric KZ connection ∇ trig (1) . More precisely, we have a map A trig → H ′ , by t α → k α s α , and X(u) → x(u), for α ∈ Φ, and u ∈ h. This gives the affine KZ connection
As Im τ → ∞, by Proposition 4.3 and §10, the elliptic KZ connection ∇ H ,c ,τ degenerates to the following affine KZ connection.
By the universality of the affine KZ connection ∇ AKZ , we have Theorem H. There is an algebra homomorphism from the degenerate affine Hecke algebra H ′ to H ,c by
1.5.4.
Relation with the elliptic Dunkl operator. In [5] , Buchstaber-Felder-Veselov defined elliptic Dunkl operators for Weyl groups. Etingof and Ma in [14] generalised these operators to an abelian variety A with a finite group action, and defined an elliptic Cherednik algebra as a sheaf of algebras on A. They also constructed certain representations of the elliptic Cherednik algebra. We show that those representations arise from the flat connection valued in the rational Cherednik algebra H 0,c , with parameter = 0.
Theorem I (Proposition 11.1). The flat connection ∇ H 0,c ,τ specialized on the vector bundle
coincides with the elliptic Dunkl operator
in [5] and [14] .
1.6. The elliptic Casimir connection. In [24] , we also give another concrete incarnation, the elliptic Casimir connection, of the universal connections ∇ KZB,τ and ∇ KZB . This is an elliptic analogue of the rational Casimir connection [21] and of the trigonometric Casimir connection [22] . This elliptic Casimir connection takes values in the deformed double current algebra D (g), a deformation of the universal central extension of the double current algebra g [u, v] recently introduced by Guay [16, 17] . The construction of a map from t Φ ell to D (g) relies crucially on a double loop presentation of D (g) in [16, 18] . was done when Y.Y. visited the Universität Duisburg-Essen. During the revision of this paper, Y.Y. was hosted by Perimeter Institute for Theoretical Physics. She is grateful for the hospitality and excellent working conditions for those institutes. Y.Y. thanks Gufang Zhao for useful discussions.
2. The universal connection for arbitrary root systems 2.1. The Lie algebra t Φ ell . Let E be a Euclidean vector space, and Φ ⊂ E * a finite, reduced, crystallographic root system. Let Q ⊂ E * (resp. Q ∨ ⊂ E) be the root lattice generated by the roots {α|α ∈ Φ} (resp. coroots), and P ⊂ E * , P ∨ ⊂ E the corresponding weight and coweight lattices dual to Q ∨ and Q respectively. Denote the complexification of E by h.
For any subset Ψ ⊂ Φ, and subring R ⊂ R of real numbers, let Ψ R ⊂ h * be the R−span of Ψ. By definition, a root subsystem of Φ is a subset Ψ ⊂ Φ such that Ψ Z ∩ Φ = Ψ. If Ψ ⊂ Φ is a root subsystem, we set Ψ + = Ψ ∩ Φ + . Definition 2.1. Let t Φ ell be the Lie algebra generated by a set of elements {t α } α∈Φ , such that t α = t −α , and two linear maps x : h → t Φ ell , y : h → t Φ ell . Those generators satisfy the following relations (tt): For any root subsystem Ψ of Φ, we have [t α , β∈Ψ
The Lie algebra t Φ ell is bigraded, with grading deg(x(u)) = (1, 0), deg(y(v)) = (0, 1), and deg(t α ) = (1, 1), for any u, v ∈ h and α ∈ Φ.
Remark 2.2. Unlike the rational and the trigonometric cases, there is no embedding of the Lie algebra t 
is not preserved under the map.
Theta functions.
In this subsection, we recall some basic facts about theta functions. Let Λ τ := Z + Zτ ⊂ C and H be the upper half plane, i.e. H := {z ∈ C | Im(z) > 0}. The following properties of θ(z|τ) uniquely characterize the theta function θ(z|τ) (see also [6] 
, and θ(z + τ|τ) = −e −πiτ e −2πiz θ(z|τ). 
We have the following product formula of θ(z|τ). Let u = e 2πiz , we have 
2.3.
Principal bundles on elliptic configuration space. Consider the elliptic curve E τ := C/Λ τ with modular parameter τ R. Let T := h/(P ∨ ⊕ τP ∨ ) be the adjoint torus, which non-canonically isomorphic to E n τ , for n = rank(P ∨ ). For any root α ∈ Q ⊂ h * , the linear map α : h = P ∨ ⊗ Z C → C induces a natural map
Denote kernel of χ α by T α , which is a divisor of T . Denote T reg = T \ α∈Φ T α , which we will refer as the elliptic configuration space. In the type A case, when Φ = {ǫ i − ǫ j | 1 ≤ i j ≤ n}, T reg is the configuration space of n-points on elliptic curve E τ . The Lie algebra t Φ ell is positively bi-graded. Let t Φ ell be the degree completion of t Φ ell and exp( t Φ ell ) be the corresponding group of t Φ ell . We now describe a principal bundle P τ,n on the elliptic configuration space T reg with structure group exp( t Φ ell ). The lattice Λ τ ⊗ P ∨ acts on h = C ⊗ P ∨ by translations, whose quotient is T . For any g ∈ exp( t Φ ell ), and the standard basis {λ ∨ i } 1≤i≤n of P ∨ , we define an action of
We can then form the twisted product
It is a principal bundle on T with structure group exp( t Φ ell ). Denote by P τ,n the restriction of the bundle P over T reg ⊂ T . Equivalently, let π : h → h/(P ∨ ⊕τP ∨ ) be the natural projection. For an open subset U ⊂ T reg , the sections of P τ,n on U are
2.4. The universal KZB connection. In this subsection, we construct the universal KZB connection for root system Φ. As in [6] , we set
When τ is fixed, the element k(z, x|τ) belongs to
, where (−) ∧ is taking the completion. We consider the t Φ ell −valued connection on T reg
where Φ + ⊂ Φ is a chosen system of positive roots, {u i }, and {u i } are dual basis of h * and h respectively. Note that the form (4) is independent of the choice of Φ + . It follows from the equality k(z, x|τ) = −k(−z, −x|τ), which is a direct consequence of the fact that theta function θ(z|τ) is an odd function.
We now show that the KZB connection ∇ KZB,τ (4) is a connection on the principal bundle P τ,n . In order to do this, we rewrite ∇ KZB,τ (4) as the form
Proposition 2.4. For any 1 ≤ i ≤ n, the function K i satisfies the conditions
As a consequence, the KZB connection ∇ KZB,τ (4) is a connection on the bundle P τ,n .
Proof. Using the properties of the theta function θ(z|τ), we have, for any integer m ∈ Z,
Therefore, it is obvious that
We now check the second equality. It follows from the following computation.
. This completes the proof.
Let W be the Weyl group generated by reflections {s α | α ∈ Φ}. Assume W acts on the algebra t Φ ell . Theorem 2.5.
( 
Proof. The necessity of claim (1) 
This completes the proof of part (2).
Example 2.6. In the type A case, the root system is Φ = {α = ǫ i − ǫ j | 1 ≤ i j ≤ n}, where {ǫ 1 , . . . , ǫ n } is a standard orthonormal basis of C n . The connection ∇ KZB,τ (4) can be rewritten as
The above follows from the relation
This form of KZB connection (5) is constructed in [6] .
Flatness of the universal KZB connection
In this section, we prove Theorem 2.5 (1). Set
Since dA = 0, the connection ∇ KZB,τ (4) is flat if and only if the curvature Ω := A ∧ A is zero. We write the curvature as Ω = Ω 1 − Ω 2 + Ω 3 , where
The defining relation [y(u i ), y(u j )] = 0 of t Φ ell implies that Ω 3 = 0. In the rest of this section, we show that Ω 1 = Ω 2 . This gives the flatness of the KZB connection ∇ KZB,τ , which finishes the proof of Theorem 2.5 (1).
3.1. In this subsection, we give another expressions of the two terms Ω 1 (6) and Ω 2 (7) .
We first introduce some notations. For any two nonparallel non-zero vectors u, v ∈ h * , we associate a new
where u ∨ := 2u (u,u) . The vector ω(u ∨ , v) in h can be characterized by the following property.
• The vector ω(u ∨ , v) is a linear combination of vectors u and v.
• One has (u ∨ + ω(u ∨ , v))⊥u, and ω(u ∨ , v)⊥v.
The following identities follow from a direct calculation. u+v) , and
Proposition 3.2. Modulo the relations (tx), (xx) of t Φ ell , we have, for any
Proof. If α = β, it is clear that both sides are the same as zero. Therefore, the identity holds. We now assume α β. Note that the function k(z, x) is a formal power series in x, with coefficient in
. To show the above identity, it suffices to show the identify with k(z, x) replaced by x n , for any n ∈ N. We have
The first equality follows from the relation [
This completes the proof.
Corollary 3.3. The curvature term Ω 1 (6) is equal to
Proposition 3.
Suppose u⊥α, modulo the relations (ty),(yx),(tx),(xx) of t Φ ell , the following identity holds for any
Proof. As before, note that the function k(z, x) is a formal power series in x, with coefficient in
To show the above identity, it suffices to show the identify with k(z, x) replaced by x n , for any n ∈ N. We have
Therefore, the assertion follows.
Corollary 3.5. The curvature term Ω 2 (7) is equal to
Proof. By definition,
Choose the basis {u i } ⊂ h * to be such that u 1 = α and u i ⊥α for i ≥ 2. Then since dα∧du 1 = 0, by Proposition 3.4, the above is equal to
which is equal to the claimed result since γ = (γ, u i )u i .
3.2.
In this subsection, we use the expressions of Ω 1 and Ω 2 from previous subsection to compute the difference Ω 1 − Ω 2 . By Corollary 3.3 and Corollary 3.5, we write
.
Proposition 3.6. With notations as above, for any α, β ∈ Φ, we have
Proof. It is clear that the statement is equivalent to
We now check this equality. By definition, we have
We use the following identities in Lemma 3.1
and the fact that x : h → t Φ ell is a linear function. We could rewrite the terms (12), and (13) using the identities. For example, we have
After cancellations with (11), we have
For simplicity, we make a change of variable. Set u :=
. Using again the identities from Lemma 3.1, we get
Plugging u, v and u
Using the following well-known theta function identity (see also [6] )
we conclude the claim.
Lemma 3.7. Let Φ be a root system. For any two roots α, β ∈ Φ such that α ±β, then Ψ α,β := (Zα+Zβ)∩Φ is a root subsystem of rank 2.
Proof. It is straightforward to check all the axioms of root system for Ψ α,β .
For a root subsystem Ψ ⊂ Φ, write
Proof. There exists a collection of rank 2 subsystems
Thanks to Lemma 3.8, it suffices to show (Ω 1 − Ω 2 ) Ψ = 0, for any rank 2 root system Ψ. In the rest of this section, we check the vanishing of (Ω 1 − Ω 2 ) Ψ case by case. The tool is Proposition 3.6.
3.3. Rank 2 calculations.
By Proposition 3.6, we have
Plugging the above expression into (14), we have
The above procedure can be represented as the graph
We use Proposition 3.6 and split k(α, β)dα ∧ dβ according to the following graph
After simplification, we have
Using the (tt) relations [t α , β∈Ψ + t β ] for B 2 root system, each summand of the above formula equals to zero. Therefore, we conclude Ω 1 − Ω 2 = 0 in the case of B 2 .
3.3.4. Case G 2 . Let ǫ 1 , ǫ 2 , ǫ 3 be the standard orthonormal basis of R 3 . The simple roots of G 2 root system are α 1 = 2ǫ 2 − ǫ 1 − ǫ 3 , α 2 = ǫ 1 − ǫ 2 and we have Φ + = {α 1 , α 2 , α 1 + α 2 , α 1 + 2α 2 , α 1 + 3α 2 , 2α 1 + 3α 2 }. We use Proposition 3.6 and split k(α, β)dα ∧ dβ according to the following graph
Using the (tt) relations [t α , β∈Ψ + t β ] for G 2 root system, each summand of the above formula equals to zero, where the second line follows from the equality
Therefore, we conclude Ω 1 − Ω 2 = 0 in the case of G 2 .
Degeneration of the elliptic connection
In this section, we show that as the imaginary part of τ tends ∞, the connection ∇ KZB,τ (4) degenerates to a trigonometric connection of the form considered in [22] . This gives a map from the trigonometric Lie algebra A trig to the completion of t Φ ell . 4.1. The trigonometric connection. In [22] , Toledano Laredo introduced the trigonometric connection, which we recall it here. Let H = Hom Z (Q, C * ) be the complex algebraic torus with Lie algebra h and coordinate ring given by the group algebra CQ. We denote the function corresponding to λ ∈ Q by e λ ∈ C[H], and set
Let A trig be an algebra endowed with the following data:
• a linear map X : h → A trig . Consider the A trig -valued connection on H reg given by
where Φ + ⊂ Φ is a chosen system of positive roots, {u i } and {u i } are dual bases of h * and h respectively, the differentials du i are regarded as translation invariant one forms on H and the summation over i is implicit.
Theorem 4.1 ([22]). The connection (16) is flat, if and only if the following relations hold (tt):
For any rank 2 root subsystem Ψ ⊂ Φ, and α ∈ Ψ, [t α , β∈Ψ
(tX): For any α ∈ Φ + , w ∈ W such that w −1 α is a simple root and u ∈ h, such that α(u) = 0,
Assume now that the algebra A trig is acted upon by the Weyl group W of Φ. 
4.2. The degeneration of elliptic configuration space. In this subsection, we show as Im τ → ∞. The elliptic configuration space T reg degenerates to H reg . We start with analyzing the elliptic curve E τ as Im τ → ∞. Let ℘(z) be the Weierstrass function with respect to the lattice Z + τZ,
Differentiating ℘(z) term by term, we get ℘ ′ (z). For q = e 2πiτ , the points (℘(z), ℘ ′ (z)) lie on the curve E defined by the equation
where g 2 = (2πi) 4 12
The cubic polynomial 4x 3 − g 2 x − g 3 has a discriminant given by ∆ = g 3 2 − 27g 2 3 . The map
is an isomorphism of complex Lie groups. As Im τ → +∞, we have q → 0. The elliptic curve E degenerates toẼ whose defining equation is
with discriminant ∆ = 0. Therefore,Ẽ has a singular point at x 0 = (x, y) = ( 2π 2 3 , 0). Removing the singular point x 0 of E τ , topologically, the open subset E τ \ x 0 is homeomorphic to the complex torus C * . Thus, we have a continues map on topological spaces φ :
The pullback the bundle P τ,n under the map φ is a trivial principal bundle on C * ⊗ P ∨ with structure group exp( t Φ ell ). The section of this trivial bundle can be described as
where U ⊂ C * ⊗ P ∨ and π = exp : C → C * be the natural exponential map.
4.3.
The degeneration of KZB connection. We describe the degeneration of the connection ∇ KZB,τ (4) as Im τ → +∞ in this subsection. As Im τ → +∞, using the product formula (2) of theta function, the theta function θ(z|τ) tends to
Thus, by (19) , as q → 0, we have k(α, ad(
(e πiα − e −πiα ) e πi ad(
. Therefore, as Im τ → +∞, the connection ∇ KZB (4) degenerates to a flat connection ∇ deg on the space
The flat connection ∇ deg is defined on the trivial principal bundle with fibers isomorphic to exp( t Φ ell ). 
We modify the trigonometric connection (16) slightly by changing of variables. On the torus (C * ⊗ P ∨ ) \ α∈Φ {e 2πiα = 1}, we consider an A trig -valued flat trigonometric connection
By universality of the trigonometric Lie algebra A trig , Proposition 4.3 gives rise to a map A trig → t Φ ell . The map is given by
Note that this map does not preserve the gradings of A trig and t Φ ell , but only the corresponding descending filtrations.
The Malcev Lie algebra of the pure elliptic braid group
The following definition can be found in [9, Definition 2.4].
Definition 5.1. A finitely presented group Γ is 1-formal if its Malcev Lie algebra m Γ is isomorphic to the completion of its holonomy Lie algebra as filtered Lie algebras. Equivalently, Γ is 1-formal if, and only it m Γ is isomorphic, as a filtered Lie algebra, to the graded completion of a quadratic Lie algebra. (4) gives rise to the monodromy map
ell is the completion of t Φ ell with respect to the grading deg(x(u)) = deg(y(u)) = 1 and deg(t α ) = 2. Let J ⊆ CP Φ ell be the augmentation ideal of group ring CP Φ ell , and let CP Φ ell be the completion with respect to the augmentation ideal J. We denote by U(t Φ ell ) the universal enveloping algebra of the Lie algebra t Φ ell . Then, the monodromy map µ induces the following map on the completionŝ Proof. Assume ∇ is a flat connection defined on a principal bundle with structure group exp( A) with the form (4). The monodromy of ∇ induces a map
. Therefore, we have a well-defined map t Φ ell → A. This implies the claim.
The rest of the section is devoted to prove Theorem 5.2. Note that both CP Φ ell and t Φ ell are N−filtered andμ preserves the grading. It suffices to show the associated graded
We first describe the generators of the pure elliptic braid group P Φ ell . The following proposition can be found in [ 
is generated by all the generators of the monodromy around D.
Using induction on the number of irreducible divisors, we have the following. As a consequence, the generators of P Φ ell can be chosen as T α , X 1 , . . . , X n , Y 1 , . . . , Y n , where T α is the path around the divisor H α , for α ∈ Φ + and {X i , Y i } are the standard generators of the torus E ⊗ P ∨ E n . The presentation of CP Φ ell can be described as follows. Suppose P Φ ell is presented by generators g 1 , . . . , g n and relations R i (g 1 , . . . , g n ), i = 1, . . . , p. Then CP Φ ell is the quotient of the free Lie algebra generated by γ 1 , . . . , γ n by the ideal generated by log(R i (e γ 1 , . . . , e γ n )), i = 1, . . . , p. We will abuse notation and denote the generators of CP Φ ell by
We construct a map
By definition, it is clear that p is surjective. We now check the following in the next two subsections.
(1) p is a homomorphism.
(2) gr(μ) • p is an isomorphism. This implies that gr(μ) is an isomorphism, which in turn proves Theorem 5.2.
5.2. p is a homomorphism.
The map p respects the (tt) relations.
We follow the approach in [22] to show that p preserves the (tt) relations.
Let T := Hom Z (Q, E) = P ∨ ⊗ Z E be the torus. Denote ker(χ α ) by T α ⊆ T .
Proof. Without loss of generality, we assume α is a simple root. Note Zα + Zβ may not be a primitive sublattice in Q. Pick a vector e 2 such that α, e 2 generate the primitive closure Zα + Zβ of Zα + Zβ. Write β = aα + be 2 . Extend the set {α, e 2 } to a basis {e 1 := α, e 2 , e 3 , . . . , e n } of Q. Choose the corresponding dual basis { f 1 , f 2 , f 3 , . . . , f n } of P ∨ . Recall that the coweight lattice P ∨ is dual to root lattice Q. Identify T = P ∨ ⊗ Z E with (E) n using the basis { f 1 , f 2 , f 3 , . . . , f n } of P ∨ . Then, the maps χ α , χ β are giving by
[23, Lemma 
for some coefficient C i, j,γ ∈ Q. We now determine the coefficients C i, j,γ . Consider the map
Denote by ϕ α the composition
, where 0 ≤ s ≤ 1 be two loops in T reg . Using [2, Corollary 5.1], one has the following relation in the fundamental group of the punctured torus E \ {0}:
where t α is the loop around the puncture {0}. The above relation can be rewritten as
The map p respects the (xx) (yy) and (tx) (ty) relations. We show the relations
There is an embedding of groups P Φ ell ֒→ B ell . It is suffices to show the relations in the elliptic braid group B ell .
We first recall some results from [7] about the topological interpretation of the double affine braid group B ell .
Let ι 2 = −1, and set
LetW be the 2-extended Weyl groupW := W ⋉ (P ∨ ⊕ ιP ∨ ). For any elementw = (w, a, b) ∈W, the action ofw onz = (z * , z) ∈Ū is giving bȳ
, where l ′ (w) is the modified length of w.
We fix a base pointz 0 = (z 0 * , z 0 ) such that the real and imaginary parts of {z 0 * , z 0 j , 1 ≤ j ≤ n} are positive and sufficiently small. Note that the action ofW onŪ is not free.
Definition 5.9. [7, Definition 2.3] The double affine braid group B ell is formed by the paths γ ⊂Ū joininḡ z 0 with points from {w(z 0 ),w ∈W} modulo the homotopy and the action ofW.
We introduce the elements t j := t α j , x j , y j for 1 ≤ j ≤ n and c ∈ B ell by the following paths, for 1 ≤ ψ ≤ 1, As discussed in [7] , the map
∈ Z, b ∈ P ∨ , identifies the double affine Hecke group (see [7] for the definition) with a subgroup of B ell . In particular, we have the relations
Corollary 5.11. The orbifold fundamental group B ell of the space T reg /W is isomorphic to the double affine braid group B ell modulo the central element c.
Therefore, the (xx) (yy) and (tx) (ty) relations hold in P Φ ell .
gr(μ)
• p is an isomorphism.
Lemma 5.12. The map gr(μ) : gr( CP
Φ ell ) → U(t Φ ell ) is given by X u i → −y(u i ), Y u i → 2πix(u i ) − τy(u i ), and T α → 2πit α .
Proof. Recall the KZB connection (4) is
where k(α, ad(
Corollary 5.13. For some open sets U and V, we have
where µ is the monodromy representation.
Proof. This follows directly from Proposition 2.4.
By Corollary 5.13, we get
Therefore, gr(μ)(x(u i )) = −y(u i ) and gr(μ)(y(u i )) = 2πix(u i ) − τy(u i ). Note that
So we have gr(μ)(T α ) = 2πit α . The argument above shows the following.
Corollary 5.14. The composition gr(μ)
, and t α → 2πit α . In particular, gr(μ) • p is an isomorphism.
In this section, we prove the following.
Theorem 5.15.
(1) The Lie algebra t Φ ell is not quadratic. (2) The elliptic pure braid group is not 1-formal.
Proof. By Theorem 5.2, (2) is a direct consequence of (1). Set deg(x(u)) = deg(y(u)) = 1, and deg(t γ ) = 2, for γ ∈ Φ + . Denote by (t Φ ell ) (2) the vector space of degree 2 elements in t Φ ell . If t Φ ell is quadratic, which we henceforth assume, it is generated by x(u), y(v) and the commutators [x(u), y(v)] span (t Φ ell ) (2) . Since (2) is therefore of dimension at most n(n + 1)/2, where n = dim h.
By Proposition 9.3, there is an algebra homomorphism ρ from t Φ ell to the rational Cherednik algebra H ,c , which maps the element t γ to the reflection s γ in the group algebra CW, which is a subalgebra of H ,c . Since the set {s γ | γ ∈ Φ + } is linearly independent in CW, it follows that {t γ | γ ∈ Φ + } is linearly independent in (t Φ ell ) (2) . For any root system Φ other than type A, we have
2 , which is a contradiction. If the root system Φ is of type A, it is shown in [3] that t Φ ell is not quadratic, as the degree 3 relations (tx), (ty) in Definition 2.1 can not be obtained from the degree 2 relations.
Derivations of the Lie algebra t Φ ell
Let d be the Lie algebra defined in [6] with generators ∆ 0 , d, X, and δ 2m (m ≥ 1), and relations
We define a Lie algebra morphism d → Der(t Φ ell ), denoted by ξ →ξ. The imageξ of ξ acts on t Φ ell by the following formulas.d 
In the rest of this section, we prove thatδ 2m preserves those relations. Before checking the relations, we need a technical result of the combinatorics of the root system. This following subsection will only be used in the proofs in §6.3, §6.4, §6.5.
6.1.
Combinatorics of the root system. In this subsection, we introduced the set S (α) Ψ , for a rank 2 root subsystem Ψ, and α ∈ Φ a root. This section is to study the (tt) relations in detail.
Let Φ be a root system, for any root α ∈ Φ, we define a set S
where Ψ is a rank 2 subsystem of Φ.
Example 6.2. Let Φ be the root system of B 2 , and α 1 be the simple long root, α 2 be the simple short root. There are two root subsystems. One is Ψ = {±α 1 , ±(α 1 + 2α 2 )} consisting of all long roots, and the other is Φ itself. The set of all short roots is not a root system. Therefore, we have the following set
Example 6.3. Let Φ be the root system of G 2 , and α 1 be the simple long root, α 2 be the simple short root. There are three types of root subsystems.
Type 1: Ψ 1 = {±α 1 , ±(2α 1 + 3α 2 ), ±(α 1 + 3α 2 )} consists of all long roots. Type 2: The root subsystem that consists of one long root, and one short root which are perpendicular to each other. They are Ψ 2 = {±α 1 , ±(α 1 + 2α 2 )}, Ψ 3 = {±(2α 1 + 3α 2 ), ±(α 2 )}, Ψ 4 = {±(α 1 + 3α 2 ), ±(α 1 + α 2 )}.
Type 3 is Φ itself. Therefore, we have the following set
Proof. For any β ∈ Φ, such that β α, consider
Ψ . Thus, β lies in the right hand side of (21) . It is clear that the right hand side of (21) is a disjoint union.
Corollary 6.5.
(1) For any rank 2 root subsystem Ψ ⊂ Φ, we have the (tt) relation t α , β∈S
Proof. Let Ψ ⊂ Φ be a rank 2 root subsystem containing α, we have S 
Proof. For u i ∈ S (β)
Ψ , i = 1, 2. Since u i , β Z = Ψ, the transition matrix between the two integral basis {u 1 , β} and {u 2 , β} is of the form 1 y 0 x , thus x = ±1. Write
. So the assertion follows.
6.2. The mapδ 2m preserves relation (yx). We show
in this subsection. By definition ofδ 2m , the left hand side of (22) is
Taking into account this simplification, we have
This completes the proof thatδ 2m preserves relation (yx).
6.3. The mapδ 2m preserves relation (tt). We show in this subsection that [δ 2m (t α ),
Lemma 6.7. Let Ψ be a rank 2 root system, and suppose we have the relation
Proof. To show the claim, it suffices to show {γ∈Ψ + |γ β} [t β , (ad
2 ) 2m (t γ )] = 0. Using the (tx) relation, we have
where the last equality follows from the decomposition in Lemma 6.4. By Lemma 6.6, the term (ad
The last equality follows from the (tt) relation in Corollary 6.5. This completes the proof.
We use Lemma 6.7 to show the equality (23) . By Lemma 6.7, we have [δ 2m (t α ),
2 ) 2m is independent of γ ∈ S (β)
The last equality follows from the (tt) relation in Corollary 6.5. This implies the equality (23).
6.4. The mapδ 2m preserves relation (ty). We show in this subsection
We first calculate the term [δ 2m (y(u)), t α ].
Lemma 6.8. We write {Ψ ⊂ Φ} for the subset of rank 2 root subsystems of Φ. We have
where ǫ(β, γ) = ±1. It is determined by the equality ω(γ ∨ , α) = ǫ(β, γ)ω(β ∨ , α).
Proof. For fixed p, q, such that p+q = 2m−1. Using the relations [
Taking summation over all pairs (p, q) with p + q = 2m − 1, the two summands in (26) could be combined. Therefore, we have
By (26) 
For a pair (γ, β) ∈ S (α)
Ψ , as shown in Lemma 6.6, ω(γ ∨ , α) = ǫ(β, γ)ω(β ∨ , α), where ǫ(β, γ) = ±1. Therefore, we simplify (27) further.
We plug (28) into (27) and then split (27) into two equal parts. We use the trick that switching the pair (β, γ), and then the pair of two indices (p, q). The identity γ(u) = ǫ(β, γ)β(u) is useful in the simplification, which follows from the fact (α, u) = 0. For p + q = 2m − 1, we have (−ǫ(β, γ)) q+1 = (−ǫ(β, γ)) p . More precisely, we have
2 ) 2m − (ad
We then calculate the term [y(u),δ 2m (t α )]. Using the relation [y(u), t α ] = 0, we have
By Jacobi identity and the relation (yx)
By the fact that
Using the decomposition in Lemma 6.4, and the (tt) relation in Corollary 6.5, the above is the same as
Switching β and γ, we have
For fixed α and Ψ. The set S (α)
Ψ is given in Examples 6.2 and 6.3. The relation (24) follows from direct computation by comparing (25) and (30).
More precisely, we assume the pair β, γ satisfy β = ǫ(β, γ)γ + α, then, we have
Therefore, the relation (24) holds under this assumption. The assumption β = ǫ(β, γ)γ + α does not hold only when α is the short root of G 2 . For the exceptional case, we have β = ǫ(β, γ)γ + 3α. We modify the equality of (29) to use a more refined (tt) relation for the root system Φ G 2 , see Example 6.3. Then, the corresponding term of [y(u),δ 2m (t α )] in (30) will be modified to
The rest of the proof is exactly the same as before. This concludes the relation (24).
6.5. The mapδ 2m preserves relation (yy). We show in this subsection
By definition ofδ 2m , we have
where
We use the relation (yx), we have
The last equality of (34) follows from the linearity of x(u), and the equality
Ψ ⊔ {±γ}, and the (tt) relation in Corollary 6.5. By fixing γ ∈ Φ + , we have
The last equality follow from the fact that for α, β ∈ S
Ψ , we have α, β, γ are colinear. Therefore, there exist three integers A, B, C ∈ Z, such that Aα + Bβ + Cγ = 0. From Examples 6.2 and 6.3, we know for α, β ∈ S (γ) Ψ , we have either ±(α ± β) = γ or ±(α ± β) = 3γ. We first deal with the case ±(α ± β) = γ. Without loss of generality, we assume first that C = 1, and A = ±1, B = ±1. Then we have the equalities
Using the above equalities, we compute the equation (34) further.
Plugging the formula (35) into the equation (33), we have
Exactly the same proof as before, using ABα + Bγ + β = 0, we have
and using Aγ + ABβ + α = 0, one get
It is obvious that det(β,
Therefore, taking into account that s + k + q = 2m − 2, the coefficients satisfy the equality
. Taking the summation of (36), (37) and (38), we have
by the Jacobi identity.
When Aα + Bβ + 3γ = 0, which is the case G 2 . We modify the above proof using the refined (tt) relations. Then the equation (36) is modified to
The rest of the proof is similar.
7. A principal bundle on the moduli space M 1,n
Let e, f, h be the standard basis of sl 2 . There is a Lie algebra morphism d → sl 2 defined by
be the kernel of this homomorphism. Since the morphism has a section, which is given by e → X, f → ∆ 0 and h → d, we have a semidirect decomposition d = d + ⋊ sl 2 . As a consequence, we have the decomposition t
It is straightforward to check this Lie algebra is positively graded.
We form the following semidirect product
where t Φ ell ⋊ d + is the completion of t Φ ell ⋊ d + with respect to the grading in Lemma 7.1. Let P ∨ be the coweight lattice, the semidirect product (P ∨ ⊕ P ∨ ) ⋊ SL 2 (Z) acts on h × H. For (n, τm) ∈ (P ∨ ⊕ P ∨ ) and (z, τ) ∈ h × H, the action is given by translation. (n, m) * (z, τ) := (z + n + τm, τ). 
Let (z, τ) ∈ h × H be the element such that α(z) Λ τ for any α ∈ Φ. Suppose there exists some β ∈ Φ and n, m ∈ Z, such that β(
which is contradicting with the choice of (z, τ). This completes the proof.
We define the elliptic moduli space M 1,n to be the quotient of h × H \ α∈Φ + ,τ∈H H α,τ by the group (P ∨ ⊕ P ∨ ) ⋊ SL 2 (Z) action. Let π : h × H \ α∈Φ + ,τ∈H H α,τ → M 1,n be the natural projection. We define a principal G n −bundle P n on the elliptic moduli space M 1,n in this section.
For u ∈ C * , u d :
There exists a unique principal G n −bundle P n over M 1,n , such that a section of U ⊂ M 1,n is a function f : π −1 (U) → G n , with the properties that
Proof. In [6, Proposition 10], Calaque-Enriquez-Etingof constructed a principal bundle P n on h×H/((Z n ) 2 ⋊ SL 2 (Z)) with the structure group G n . The vector bundle P n can be obtained by restricting this bundle P n on
Flat connection on the elliptic moduli space
In this section, we construct the universal flat connection on the moduli space M 1,n of (pointed) elliptic curves associated to a root system Φ. This connection is an extension of the universal KZB connection ∇ KZB,τ . Recall that in Section §2 (3), we have the function k(z, x|τ) =
For a power series
with positive even degrees, we consider the following two
As in [6] , we define the power series ϕ(x) to be
which has positive even degrees. We set a 2n := − r! x r . Then, the power series ϕ(x) has the expansion ϕ(x) = n≥1 a 2n E 2n+2 (τ)x 2n for some coefficients E 2n+2 (τ) only depend on τ. By our convention, we have the following two elements in
Consider the following function on h × H
This is a meromorphic function on
, where n + = C∆ 0 ⊂ sl 2 . It has only poles along the hyperplanes α∈Φ + ,τ∈H H α,τ .
Note we have already shown the flatness of ∇ KZB,τ in Theorem 2.5. We prove Theorem 8.1 in the rest of this section. Set A := ∆dτ + α∈Φ + k(α, ad
By definition of flatness, it suffices to show the curvature dA + A ∧ A is zero.
8.1. Proof of dA = 0. In this subsection, we show the differential dA vanishes. We have
See [6, Page 190] for the proof of this equation.
Simplification of A ∧ A. In this subsection, we simplify the term A ∧ A. By definition, we have,
We now simplify each summand of (40), (41). In the following lemma, we rewrite the second term of (40).
Lemma 8.2. Modulo the relations (tx), (xx) of t Φ ell , the following identity holds for any
Proof. When α = β, it is clear that both sides of the identity are zero, hence they are equal. We now assume α β. The desired identity follows from the relations
In the following lemma, we rewrite the second term of (41).
Lemma 8.3. Modulo the relations (tx), (ty),(yx), (xx) of t Φ
ell , the following identity holds.
Proof. If β(u i ) = 0, by Proposition 3.4, we have
For a fixed root β, extend {β} to a basis {u 1 , . . . , u n } of h * , with u 1 = β. Let {u 1 , . . . , u n } be the corresponding dual basis. We then have u 1 = β ∨ 2 , and β(u i ) = 0, for i 1. For such choice of {u i }, we have
The last equality follow from the identity
−2 in Lemma 3.1. Thus, the conclusion follows.
In the following lemma, we rewrite the first term of (41).
where the functions f s and g s are determined by the equality
Proof. Recall that by definition, we have [∆ 0 , y(u i )] = 0, and the action of δ 2m on y(u i ) is given by
Therefore,
This implies the conclusion.
We now compute the first term of (40). First, we have the Lemma.
Lemma 8.5. Modulo the relations (δx) and (δt)
, and k(x) = m>0 a m x m be the expansions of ϕ(x) and k(x), then we have
We need the following Lemma for the first term of (40). 
2 )g(α, ad
where the functions h s , k s are determined by the equality
Using the Jacobi identity, we have the following equality, for 0 ≤ i ≤ n − 2.
(ad
Taking the summation over {i | 0 ≤ i ≤ s − 1}, we have
Therefore, taking the summation over {s | 0 ≤ s ≤ n − 1}, we have
where the last equality follows from the (yx) relation [x α ∨ , y α ∨ ] = − γ∈Φ + (α ∨ , γ)t γ . We now use the following identity which can be shown by induction
The argument similar to the proof of Lemma 8.5 shows
The conclusion now follows from the equality
Plugging the formulas in Lemmas 8. 
, and
As shown in [6] , we have L(z, u, v) = 0. Therefore, the first summand of (42) is zero. In (42), we have
To show the vanishing of (42), we first need the following identity of the coefficients H(α, γ).
Proposition 8.7. The following identity holds
Proof. We have the equalities x ω(γ ∨ ,α) = x ω((α+γ) ∨ ,α) , and x ω(α ∨ ,γ) = x ω((α+γ) ∨ ,γ) . Plugging them into the definition of H(α, γ), we can simplify as follows.
. Note that k(z, x) = −k(−z, −x) and g(z, x) = g(−z, −x). The above expression is Let {y i | 1 ≤ i ≤ n} be the basis of h, and {x i | 1 ≤ i ≤ n} be the corresponding dual basis of h * . We have the following elements of the rational Cherednik algebras.
The following properties of h, E and F can be found in [13, Prop. 3.18, 3.19 ].
Proposition 9.2. The following holds.
9.2. Specialising the KZB connection ∇ KZB,τ to the rational Cherednik algebra. In this subsection, we specialize the KZB connection ∇ KZB,τ to the rational Cherednik algebra H ,c by constructing a homomorphism from the Lie algebra t Φ ell to H ,c . Letα be the highest root of Lie algebra g. 
for u, v ∈ h and γ ∈ Φ + , where π : h → h * is the isomorphism induced by the non-degenerate bilinear form (·|·) on h. and s γ is the reflection corresponding to the root γ.
For simplicity and without lost of generality we assume a = b = 1. To prove the Proposition, we need to show the map ξ a,b respects all defining relations of t Φ ell . The only non-trivial relation to check is the (yx) relation
In the remainder of this subsection, we check ξ preserves the (yx) relation of t Φ ell . Lemma 9.4. The following equality holds
Proof. Both (·|·) : h × h → C, and γ∈Φ + ·, γ ·, γ : h × h → C are two symmetric bilinear forms on h. They are both positive definite, and invariant under the Weyl group W. Note that there is only one such bilinear form up to constants. Therefore, there exists some constant k ∈ Q, such that
It remains to show the constant k is the same as 9.4. Specialisation of ∇ KZB to the rational Cherednik algebra. In this subsection, we specialize the KZB connection ∇ KZB to the rational Cherednik algebra H ,c by constructing a homomorphism from the Lie algebra t Φ ell ⋊ d to H ,c . In the formula (43) of E , F and H, we assume furthermore that {y i } is an orthonormal basis, and {x i } is the corresponding dual basis. 
Proof. For simplicity and without loss of generality, we assume that a = b = 1. We first show the above homomorphism preserves the relations of d, see Section §6 for the relations. From Proposition 9.2, we know the triple h , E , F form an sl 2 -triple. Thus, the homomorphismξ preserves the relations of the triple d, X, ∆ 0 . The last equality follows from the fact that {y i | 1 ≤ i ≤ n} is an orthonormal basis. Similarly, w(E) = E, for any w ∈ W. We now show w(ξ(δ 2m )) =ξ(δ 2m ). This follows from the fact that w permutes the root system Φ and preserves the killing form. Next, we show that the mapξ preserves the relations between t Φ ell and d, see Section §6 for the relations. By Proposition 9.2, it is clear thatξ preserves the relationsd(x(u)) = x(u) andd(y(u)) = −y(u). The map ξ preserves the relationd(t α ) = 0 follows from the fact w(h) = h, for any w ∈ W. Indeed, [h, w] = (h − w(h))w = 0.
It is obvious thatξ
We checkξ a,b preserves the relationδ 2m (t α ) = [t α , (ad We now compute the image of the left hand side of (44). We have The last equality follows from the following calculation.
α∈Φ +
The elliptic Dunkl operators
In [5] , Buchstaber-Felder-Veselov defined elliptic Dunkl operators for an arbitrary Weyl groups. Etingof and Ma in [14] generalised the elliptic Dunkl operators to an abelian variety with a finite group action. Using the elliptic Dunkl operators, Etingof-Ma defined the elliptic Cherednik algebras as a sheaf of algebras on the abelian variety. They also constructed certain representations of the elliptic Cherednik algebra.
In this section, we show that those representations constructed in [14] of the elliptic Cherednik algebra arise from the flat connections valued in the rational Cherednik algebra H 0,c .
Let T = P ∨ ⊗ E τ be the abelian variety and F be the sheaf on T considered in [14, Section 5] . The sheaf F can be identified with the vector bundle h C × P ∨ ⊗(Z+τZ) CW on T , whose fiber is the regular representation of W. We construct an action of the rational Cherednik algebra H 0,c on the fiber CW. Such action induces a flat connection on the vector bundle h C × P ∨ ⊗(Z+τZ) CW, see Section §9.
Proposition 11.1. The flat connection of Section §9 specialized on the vector bundle h C × P ∨ ⊗(Z+τZ) CW coincides with the elliptic Dunkl operator
11.1. The vector bundle on T . In this subsection, we recall the construction of elliptic Dunkl operators in [14] . Let T = P ∨ ⊗ E τ be the abelian variety. In [14] , the sheaf F on T is defined as follows. Choose ρ ∈ h * , such that ρ is not fixed by any w ∈ W. Consider the trivial rank 1 bundle h × C on h. We define the P ∨ ⊕ τP ∨ action on h × C by . Here, we assume Im(τ) = 1. Denote by L ρ the line bundle on T which is the quotient of h × C by the group P ∨ ⊕ τP ∨ action. We use the notation as in [14] that L w := L wρ , for w ∈ W. The sheaf F = ⊕ w∈W L w is defined by taking direct sum of L w for all w ∈ W. Labelling each fiber of L w by C w , we identify the vector bundle F with the vector bundle h C × P ∨ ⊗(Z+τZ) CW with rank |W|. Under this identification, the action of P ∨ ⊕ τP ∨ on the fiber CW is given by 11.2. The action of the rational Cherednik algebra H 0,c . In this subsection, we define the action of rational Cherednik algebra H 0,c on the fiber CW, such that the element λ ∨ i ∈ h acts by multiplication of wρ(λ ∨ i ). We first recall some facts of the rational Cherednik algebra H 0,c , see [12, 13] for details. By the Sataka isomorphism, the center Z 0,c of H 0,c is isomorphic to the spherical subalgebra eH 0,c e, where e = 1 |W| w∈W w ∈ CW is the idempotent element. Any irreducible representation of H 0,c as a representation of W is isomorphic to the regular representation CW. In particular, the dimension is |W|. The moduli space of irreducible representations of H 0,c is the Calogero-Moser space Spec(Z 0,c ). We construct an action of H 0,c on CW. This following action is a generalization of type A case in [13, Section 9.6]. As before, we choose ρ ∈ h such that ρ is not fixed by any w ∈ W. Let E = E ρ,µ be the space of the complex valued functions on the W orbit of (ρ, µ) ∈ h × h * . As a representation of the Weyl group W, E ρ,µ is isomorphic to the regular representation of W. We specialize the connection (45) to the vector bundle h × P ∨ ⊗Λ τ CW. Recall that the action of λ ∨ i ∈ h is given by multiplication of wρ(λ ∨ i ). This gives the W-equivariant flat connection on the bundle h × P ∨ ⊗Λ τ CW. It takes the following form
